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é 1. Introduction.

Several autuors have investigated the free oscillations of
shallow rotating lakes (seas), bays and channels of differ-
ent shapes. We mention the rectangular, circular, elliptic
and seml-circular lake (Corkan and Doodson 1952, Van Dantzig
1958, Jeffreys 1924, ILamb 1932, Proudman 1920, Taylor 1922),
ana tne rectangular bay (Van Dantzilg 1958, Taylor 1922).

I'ne present investigation concerns tihe shallow semi-circular
pay of constant depth. By means of LAUWERILER's theory of

trigonometric series with prescribed phases, valid in the

half'~-perioC interval, a determinantal equation is obtained,
whicnh Implicitly determines the free freguencies w of the
seml-circular bay as a function of £, the apparent angular

veloclty at the site of the bay. An explicit formula is

o - o " " “ 2 i
derived for a first approximation in (£L/«w )°. For comparison
we have 1ncluded LAMB's treatment of the rotating circular
lake,



General eguacions.

I frictlion 18 neglected and 1f no exterior forces come

into play, the equations of motion and concinulty read
(Lamb 1932, p.319)
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Y y~componentc ol The total current
§ the elevation of the rree surface above its
cgullibrium position
L)1 the Coriolis coefficient
d tThe depth of the bay

Z The acceleration of gravity.
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In the following the bay will cover the area v >0, XL+y%:aL

Along the diameter y=0 the ocean condition § =0 holds and
on Tthe cilircumference x2+y2mar3 vy >0 Tthe radial component of
the total current vaniches (coastal condition). We assume
>, SL and d to be constants. Then i1t is possible to intro-

duce dimengsionless quantities by means of

(x,v, §) =a(x'",y', § ")

(u,v) = aVegd (ur,v) h o
(t,1/4L) = af/Vgd (t',1/601) .

hils amounts to putting gd=1 in 2.1 and a=1 in the coagstal

condition, The dimensionlegs form of 2.1, hence, is
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L1, Instead of Cartesian coordinates, we introduce polar
coordinates

XK = 1 cor @ }

Yy = r 2in @ 2.4
U, = W Cos @ + v 51n ¢ :} >
U, = ~-Uu Sing + v cos g

we find for 2.3
U > ¥
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F'or the seml-circular bay the boundary conrnditions read

=0 for r=0, =0 ard @=T (-1<r <) 2.7

u, = O Tor r=1 2.0

and for the circular lake

u, = O tor r = 17 . 2.9

In stead of a boundary condition comes the regulrement that

urﬁuy and S remaln unaltered 10 we add to ¢ a multiple of 2w,

Elimination of up and u%? "rom either 2.3 or 2.5 vyields
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Assumlng harmonic motion
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the equations 2.10 and 2.1 become

AS + K% = 0 2.13
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Free ogcillation of the circular lake.

Thils case nas been investigated by LAMB (Lamb 1032,
: P PR v e, S S I * . : -
0.320-324), 1% treatment, adapted to the present
@;
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The Helmnholtz! ecuation

AS + K= 0

possesses the zolution

w -
B ) . dm ¢ .
§ = 5.,__., AJ (Kr)e 3.7
M= — W

wnicn 18 invariant for the substitution @'= @ +2 K,
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K Integer. The boundary condition u =0 for pr=1 becomes,
f""\
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using 2.4,
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Substitution ol 3.2 in 3.1 yvields
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This cquation 1is satislied 1f

and 3.4

a N
K. Jﬂ'(K) 1 Y 1) JT'}(K) = () .
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HFor every n Thil equatlon nao an infinite serlies of

¥

rootTs. In particular we have {for n=0
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For n »1 the free [reqguencies follow from
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Introduclng The ocuancities o
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Froe oscillations of the pomi-circular bay,
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Jeo agaln have the eauatiorn

Jo may sxnand § For o constant r o1n an absolutely convergent
TINEe Serle s

>
{ = A J (kr)oin n 4,
2 by 3, ¢

which serlcs 21lso caciciles The boundary conditrLons ?”{D
o S =0 and ¢@=1
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I we guppose B tonree Times cliferentiable with respect to

¢ 1n tThe intecrval 0£ @sw™ for constant r, 1T can easily

be BhCMW}1ﬂmﬂ:}H§Jn(Kﬁ)mO(n“3)a Hence 1T 19 Hezrmeitted to
differentiate the series 4.1 with respcct to @ . The

boundary condilition u_=0 for r=1 then becomes, using 2.14,

1.
e : £2nJ (%)
M fﬁfﬁq’(m){:ﬁin ne -1 ———=—-— COS ngﬂ:m<3 4,2
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for all value. of @ in the interval (0,T),

This 19 a Pourlter ceriens wWith pweucfdkmmﬂfﬂmmnmj, These
Serled were the subject ol recent investigations (Hofsommer
1955, Lauwericr 1957, Voltkamn 1955) .

We use tho Tollowing ceosulit, duce to LAUWERITNR:

A FPunction (%) can, in goeneral  be doveloped in a slowly

convercent scorlcs wulth prescribed nhaoes gnf
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~O tat the abovy conditlion is Tulfilled with B=2,

For a given L1 there cxiste a set of coefficients A, satis-
fying 4.2 which are not all zzro 1.0 «w belonss to the

spectrum of cigeunvalues of the proolaem. These ¢lgenvalues



arec obvioucly functiong of L. They {ollow from a deteir-
minantal relation 1n w and L1 which will be derived by meanas
ol @ method which is described in (Hofsommer 1953). We will

outline the proccecdure, but for details we refer to that renort
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We 1nTroducce the quantities o anag o hy means of
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£l =w tanh 4 & T
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::f;;m(ic,) = Jn_}_/\(K,)/JM /‘(m) . 4,4
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Then 4.2 can bhe written as

5;:...,..,. A d 4 (k) [ 310 (1N ¢ w5 1o TC) m--f‘ﬂin(!{,) 5in(n @ +51ialTC )] = 0.
4.5

LAUWRRIER has derived euplicit expressions for the functions
biorthozonal to the et gin(n® +«w) (Lauwerier 1957). Let
S I ot s A ~ N 2 © ey oy ey e ~ } —~ Voo .
kﬁ(qﬂ be the cet of functions birorthogonal to sin(ne -SixTT) .
Then we have
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By mcans ol 4.6 and 4.7 we dercive Toom 4.5, putting

the set of cauationg
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This set only admits a solution if, formally,

Det [ S, -5, (k) ()] = o. 4,11

'’

Thils represents a certain relation between ® and K and hence
also between LL and w .

The convergence of thce infinite determinant 4.11 can be shown
in the following wavy.

ITn 4.10 substitute Bn

1
!
™~
{2
C2

. wWe [ind
N

/1
and, instead of 4.11, we get thoe cqguivalent equation

= 0 . 4.13

Det [ o] -
m

1§

b

Consider the generating function for the emn (Hofsommer 1958
€q.2.1)

O
cos(mx-% BT) = e (B)cos(nx+5/BT)
/5 N=0 m,nﬁ /3 }
or, with /3 =1 |,
O
sin [mx-—-%(/l-i—im)‘ft.lw - Z e (iot)sin [nx%(ﬂ-ioﬁ)‘m] :
. £ m,n

IT has bcen shown in (Lauweriev 19575§§4) that, i 1n the
gevelopment

00
f{(x) = gié a_ sin(nx+uT)
-
Re/éL' m"%j The anzo(ﬂ ) .
Hence s
-
@myh(l&) = O(T] )
and

N emjn(id) = O(n"q).

However, we have (llofsommer 1958, eq.1.12)

(-1)"

m
0oen L = (-1) Moy e

Hence also

n e i) = O(mmq)

m,n
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and 1
N m.n(mJ = O(m n ') . 4.4

Moreover I (K)

5, () = Fer = 0(n7%) +.15

N Jn-—-’l K. .
Hence

5 8

m 1

mn 0 n(d)

and the double sum E{: d) is convergent, which,

mr

b

according to H.v. QOCH (HOlllﬂng” und Toeplitz 1955, § 17 )
entalls the convergence of the determinant 4.13.

Explicitly the upper left part of (4.411) reads

. 2 ! 2 2
- gfs,loa(’l-l—o( ) A=s, (b 4200t - %‘330((’\-1—0( ) (3420 )
25 &P (1467) - Fou(100) (3426%) - s (94300 +28u +8eC) .

It follows easily from the recurrvence reclations 5.8 and 5.0
ffor the d = viz,.
m , 1

20t dp o = (r11+/l)dm+,]3 +(m”/‘)dmm’ljo ,
m(dm+1 n+dmw1,n)m(n+q)dm3n+ﬂ+(n“1) m-1,0 ~
dojo = s
that the dmﬁn and hence the am,n are even functions of o 1if

m+n is even and odd functions of o if m+n is odd, Then 4.11
determines K as an even function of & or L£2/w . lHence the

free frequencies occur in pailrs of egual magnitude but opposite
sign, this in contrast to the free Iregquencies of the circular
lake.
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§f5. Solutions for small values of £ .

For £2 =0 the solution of our problem is well-known. It

also follows from eq.%4.2. The free freguencies

1, 5
constiftute a double infinite set of values, which follow
" rom

Jn'(wnﬁg)ﬁoj n_yf:jm/]#fg}B_gav# 9
or
t:’;'i"'j(wn Cj)ﬁ/‘j Y]qu/],gj?jj.u. . 5¢/]

The first index, n, refers to the order of the Bessel-
functlon and the second index 4Yindicates the sth zcro of

The aerivative of Jn‘

Let Komcun b a solution of H.1 and suppose that K dif-
50
fers slightly {rom ij
- - c
iC = K - 2
O 6nju€x ) >
Then we have
£
n .S 2 2
- Kw MS f(l — z ) ' '
n( ) n( O 2 A i ({o)d +O(&njﬁ)
g d e - .
s -1 E, ——
/l njg(ng —gé—g-)()( Jr‘U(&an) o D,j

s (K) = 1 - 6n33m2 +-O(ma) : 504
It then follows from 5.3 and 5.4 that .

&nj% m=C%jjg/n (rf%?wﬁowz) 4MCDOX4) . DD
Again, we have from 5.2

éunﬁsg - K'02 P QT - ﬁnjﬁdg N OOXM)'
However
L = %;é}-+'o {(il/%u)ﬁj 5.6

Henee wnj = 1{02 + (1= ;%) _Qg-t- O(.O.u)



w () =@ (0) +p, Qfio(at 5.7
where _ 1 [1_4n§ /mg{cu (O)mng}}« 5 8
N, s | n, s 0, S
We shall now show that
Jnﬁs:Dn“ 5?1 Smﬂg%m“ﬁ5(0>}f WQ?EEEM+ JCS 5.9

m="1 1”Smﬁs%wnst3f o ~h

A few values of b, are quzﬂ Do=4, D3m38/95 D4m40/93
D5m40ﬂ8/2253 D6:wos6/225¢
By means of 4.8 we borrow from (Hofsommer 1958) the follow-

ing relations between the dm

, 1
— ( . .
m ( m+13n+dmm1yn) = (n+ﬂ)imjn+1+(n q)dmjnmﬂ 5 .10
>4 ) — — [
: Ompo (m+q)dm+ﬂﬁo+(m q)dmmﬂ,o R
Special values are d_ =1 d. =2d d,. =0u°
0,0 1,0 ~ 2,0 '
It follows from 5.11 and {rom do Omﬂj that
J
dmﬁo = O(e) m odd ,
2
dmgo = O(ot™) m even, m£0
a =
0,0

Formula 5,11 1s seen to be a recurrence relation between four

cocff{icients dm . T'or which the sum of the subscripts is
g L]
cither only even or only odd. Since 4 .4=0 (Hofsommer 1958 )
-
1t 1s possible to derive all dm . from the sequence dm -
7 2
Then 1t follows from 5.10 that
d = O(a) m+n odd
m, n
2
d = 0(&7) m+n even, m#n
m , N
»
G =1+0(&") m=n.
m,n

Now let for some N, say n=p
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and suonstitute this in the determinant

=) -
be m,n ndmﬁn] )

Agalin denotlng th2 elements ol this determinant by a. , we
b

nave

2 = O( ) m+n odd

m,n A

a_ = 0(et7) m+n even, m#n

m,n

a = 0(1) m=n+#p

m, 5

Pp,p = 0D
It 1s seen that the row a and the column a are divisible

SR ~ m, P

by ® (the element a is divigible by ). Bringing this

Psb
ffactor cxg outslde the determinant and subsequently putting

X=0 1In The arising elements, we find non-zero elements only

in the principle diagonal, in the »°? row and in the p°r
column. More precisely we have
- O(ex) m+n odd, m#£p, nN#EP
a . = O(ofz) m+n ever, m#n, m#£p, nN#£p
i /
By = O(1) M=N#DP
ap’n/mmO(’l) p+n odd
a_ _/=0("1) m+p  odd
oy 0
gw)rwamfmd) p+n even, n#p
J
antM&MC%d) m+p even, m#p
AL E)
a /o T=0(1)

PP

With tThese simplifications the egquation

Det = = ()
m .t

o

takes the form

s (K)s, (w)a_

0O
Z mmdm ’1+0(0(2)j. n+p odd. 5.12
n="] [1Mu k) ﬁp][ﬂ“ K)d n]

Between the coelficlents sn(m) the [ollowing relation exists

) 4a(n+1) e (%)

Jrj+/‘(m) e Kg v W - /] v 511/13
e > 2 2 ¢ 2.

Putting n=p, kK = W mapm ) sp(m) s, (K )mapmﬁ it is seen that
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Sppq ) = s (k) + 007,
In this way 1t 15 easily found that
2 I
BH(HQ = 5 (K, ) + O(et™) . 0.7

for all values 017 n.

This means that, in 5.12, s (k) may be replaced Dy = (k). It
then follows from 5.12 that
s (K_) d 3 A
.
S = O b, B,P + O(cte) . 5,15
0,8 > o A =0
» ] |
The factor (d_ . d. Jot. ) can be evaluated in the following
|ORNS RS o =0
way. -
It follows from H.11 that
3
m+-1 )d = —-(m=-71)d + O (X , m even,
( ) m+1,0 ( ) m-"1,0 ( )
This recurrence relation is solved by
» L
" - ks I -- 3
g = 2 (a2 gL 03y, m odd 5 .16
m , O m
taking into account that dq omgai.
b
Then the recurrence relation (5.10) is solved Dby
. L ”
- - 1) ~ , . By
d — *"?5&'7%' (”/l>‘)(m )0( I U(D(})ﬁ m+1 0Gd. 5;47
m . sl o
g n. -—-m
Hence - _
P2 - 16mn 2
A, 4, /o =y 0T 5. 18
pﬁ ﬂ‘E: M - )

- d

, f _ - » 2
Substituting this result in 5.15 and denotlng L(dp pwﬂ)ﬁx
’ X =0

by D gives 5.9. By mearns ol >.uU and 5.9 the following

nume?ical values are obtained:
w, 4 = 1,841 + 0,398 a? 4oty
@, 5 = 5,331 + 0,337 Q 2 L o(aty,
C’D’Em ~ 3,054 + O, 4L L2 < O(.O._"LF)_?
W, g = L, 201 + 0,307 Q° 4 O(ﬂu)ﬁ
@) 4 = 5,317 + 0,164 Q° 4 O(_Q)“L) u.
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